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Abstract 
The join K~ V2K2 is the graph obtained by taking a copy ofK,  ~ and two disjoint copies of K2, 
disjoint from K c, and joining every vertex of K, c to every vertex of 2K2. In this paper we show 
that for each positive integer n, the graph K, ~ V 2/(2 admits a p-valuation and has gracefulness 
4n + 3. Further, for any finite set So of positive integers and n ~>2Max{x E So} + 1, a new graph 
valuation, p(n;So), is introduced. Finally, some open problems are proposed. 
O. Introduction 
In this paper, we consider only finite simple graphs. Our notation and terminology 
are as in [3]. In particular, e(G) denotes the number of edges of G. The graph K~V2K2 
is the join of the complement of the complete graph on n vertices and two disjoint 
copies of K2. P,  denotes the path of length n - 1. 
1. p-valuations of K~ V 2K2 
Rosa [9] was the first to introduce the concept of a p-valuation. Let G be a graph 
with e edges and let f be an injective mapping from V(G) ,  the vertex set of G, to 
the set {0, 1 . . . . .  2~}. f is called a p-valuation of G, if, when we assign to each edge 
uv of G the label I f (u )  - f (v ) l ,  resulting in edge labels al,a2 . . . . .  a~, then a i  = i or 
2~ + 1 - i. Rosa [9] proved that a cyclic decomposition of the edge set of the complete 
graph K2~+l into subsets inducing edge subgraphs isomorphic to a given graph G with 
edges exists if and only if there exists a p-valuation for G. This result is of  great 
significance. It implies that a cyclic projective plane of order k exists if and only if the 
complete graph Kk+l admits a p-valuation. A t-valuation (or a graceful abelling) of G 
is a p-valuation of G for which the range of f is restricted to {0, 1 . . . . .  e}. This would 
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force the edge labels to be 1,2 . . . . .  e. For each positive integer n, the graph K~V2K2 is 
not graceful. This was conjectured by Rao-Hebbare [8] and proved by Bhat-Nayak and 
Gokhale [2]. In what follows, we show that these graphs however admit a p-valuation. 
Throughout this paper, we denote the vertices of Kn ~ V 2/£2 by Vl,V2 . . . . .  vn; Xl, yl, 
x2, y2, so that its edge set is {xlyl ,x2Y2) t3 {xivj, yivj : i = 1,2, 1 <~j<.n}. Clearly, 
e(K~ V 2K2) = 4n + 2. 
Theorem 1. For each positive integer n, there exists a p-valuation of  Kn c V 2/(2. 
Proof. Fig. 1 displays eight different p-valuations of K~ V 2/£2. Each of the four parts 
on the left can be pasted together with each of the two parts on the right to yield the 
eight valuations. Note that in Fig. 1, vi gets the label 4 i -  4, 1 ~< i ~<n, the pair (Xl, Yl ) 
gets the labels (1,4n),(4n - 1,4n),(4n - 5,8n+ 1) or (8n+ 1,8n+2) in order and the 
pair (x2, Y2) gets the labels (4n - 2, 8n) or (4n + 1, 8n + 3) in order. If the pairs (Xl, yl ) 
and (x2,Y2) are labelled (1,4n) and (4n-  2, 8n), respectively, then the edge labels of 
xly l  and x2y2 are a4n-1 and a4n+2, respectively, while for the remaining edges, the 
labels are given in Table 1. 
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Table 1 
Vl 92 03 ' ' "  Vn--2 Vn--1 On 
x1 a l  a3 a7 
Yl a4n a4n-4 a4n-8 
X2 a4n-2 a4n-6 a4n-10 
Y2 a5 a9 a13 
a4n 13 a4n 9 a4n--5 
a12 a8 a4 
• . ,  a l0  a6 a2 
• . ,  a4n_  7 a4n-3  a4n+l  
That the other pairs of labels for (Xl ,  Yl ) and (x2, Y2 ) yield p-valuations for K c V 2K2 
can be checked along similar lines. [] 
Theorem 1 together with the result of Rosa combine to give the following corollary. 
For the sake of completeness, we briefly sketch the proof. 
Corollary 2. The graph K c V 21(2 cyclically decomposes the complete graph 
Ksn+5 = K2(4n+2)+l. 
ProoL Let us denote the vertices of K8n+5 by 0, 1 . . . . .  8n + 4 and we arrange these as 
a regular (8n + 5)-gon. Define the 8n + 5 edge-disjoint subgraphs H1,H2 . . . . .  H8,+5 of 
Ksn+5 by taking H1 to be the edge subgraph defined by the edges: (1,0), (1,4) . . . . .  
(1 ,4n-4) ;  (4n, 0), (4n,4) . . . . .  (4n,4n-  4); (4n+ 1,0), (4n+ 1,4) . . . . .  (4n+ 1 ,4n-4) ;  
(8n + 3,0), (8n + 3,4) . . . . .  (8n + 3,4n - 4); (1,4n) and (4n + 1,8n + 3). The graph 
Hi, 2 <<. i <~ 8n + 5 is obtained by making a cyclic shift of Hi_~ by one unit. This gives 
a cyclic decomposition of K8n+5 into subgraphs H1,H2 . . . . .  H8n+5, each isomorphic to 
KnC V 2K2. [] 
Consider Ks,n, the complete bipartite graph with parts {xl,x2 .. . . .  x8} and {v~, v2 . . . . .  
vn}. Define an injective mapping f :  V(K8,,) ~ {0, 1 . . . . .  8n + 3} by f (v i )=  4 i -  4, 
1 <~i<~n and f (x l )  = 4n-2 ,  f(x2) = 4n- l ,  f(x3) = 4n, f(x4) = 4n+l ,  f (xs)  = 8n, 
f(x6) = 8n ÷ 1, f(x7) = 8n + 2, f (xs)  = 8n ÷ 3. This is obtained from Fig. 1 by 
identifying Vl, v2 . . . . .  Vn of the second and fourth copies on the left together with the 
two copies on the fight and removing the edges of the forms xlyl and x2y2. Assigning 
to each edge xivj of Ks,n the label If(xi) - f(Vg)[, we get the disconnected integer 
interval [2,4n + 1] t3 [4n + 4,8n + 3]. Now let G be any graph with eight vertices 
and three edges. Then G is either G1 = 3K2 kJ K~, G2 = P3 t J K2 tO K~, G3 = 
P4 U K~, (74 = KI,3 U K~ or G5 = /(3 U K~. For each Gi, 1<~i~<5, take V(Gi) 
= {xl,x2 . . . . .  x8} and E(G1) = {XlX5,X2X7,X3X4}, E(G2) ~- {XlX5,XlX6,X2X3}, E(G3) 
{XlXs,XlX6,X6XT}, E(G4) = {XlXs,XlX6,XlX2} and E(Gs) = {XlX5,XlX6,X5X6}. Hence, 
the function f defined above gives for each Gi, the edge labels 1, 4n + 2 and 4n + 3 
(see Fig. 2). Summarizing these, we have proved, 
Theorem 3. I f  [V(G)I = 8 and [E(G)[ = 3, then G V K~ is graceful, n >1 1. Hence 
G V K c cyclically decomposes the complete graph K16n+7. 
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For any two graphs G and H the notation H[G means that G is an edge-disjoint 
union of copies of H.  I f  H1,H2 . . . . .  Ht are the distinct copies of H in G, where 
e(G) = te(H), we denote it by writing G = H1 4-//2 4 - . . .  4- Hr. 
Theorem 4. C,n [(Kn ~ V 2K2) / f  and only i f  the pair (m, n) is (3, 1 ), (7, 3) or (6, 6s 4- 1 ), 
where s is any positive integer. 
Proof. Assume that Kn c V 2K2 = H1 4 - " "  4- Ht, so that for 1 ~< i ~< t, Hi ~ Cm. Without 
loss of generality assume that the edge x2y2 is in//1.  H1 is a cycle and x2y2 is in H1 
implies that H1 can only be one of  the following forms: x2y2vix2; x2y2vixl(yl)vjx2; 
x2y2vixl(Yl)yl(Xl)VjX2; x2Y2Vixl(Yl)VjYl(Xl)VkX2, so that m is either 3,5,6 or 7. I f  
m is 3,5 or 7 i.e., odd, then every Hi contains either xly l  or x2y2 but not both, and 
therefore t = 2. Thus 4n + 2 = 2m which shows that the pair (m,n) is (3, 1), (5,2) 
or (7,3). I f  n = 2, Kn c V 2K2 cannot be an edge-disjoint union of Cs's. I f  m is 6, then 
4n + 2 = 6t and so 3[(2n + 1), and hence n is of the form 3k + 1 for some positive 
integer k. As KnC V2K2 is eulerian (by assumption), d(x]) = n+ 1 = 3k+2 is even and 
hence k is even. This implies that n is of the form 6s + 1 for some positive integer s. 
Conversely, if (m,n) is (3, 1) then H1 is XlYlVlXl and //2 is x2y2vlX2. I f  (m,n) is 
(7,3) then HI is XlylvlY2V2x2v3xl and H2 is x2Y2V3YlV2XlVlX 2. Now, if (m,n) is of  
the form (6, 6s 4- I), s ~> 1, partition {v], V2 . . . . .  V6s+I } into (s -- 1) parts of size 6 and 
one part of size 7. I f  {vi~,vi2 . . . . .  vi6} is a part of  size 6, then decompose the sub- 
graph G[{Xl,yl,x2,y2,vi,,vi2 . . . . .  v i6}]-  {xlyl ,x2y2} of G = Kn e V 2K2 into four C6's, 
namely, Xl vi, yl Vi2X2 Vi3Xl, Xl Vi 2 Y2 VilX2 Vi4Xl, Xl Vi5 y2Vi4 Y] Vi6X] and Yl vi3 Y2 Vi6X2Vi 5Yl. I f  
{vi,, vi2 . . . . .  vi7 } is a part of size 7, then decompose the subgraph G[{Xl, yl,x2, Y2, vi,, vi2, 
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. . . .  viT}] of G into five copies of C6, namely, XlYlVi2y2x2vi,xl, XlVi2x2visy2vi3xl, 
XlVi4YlVi~X2ViTXl, XlVisylviTy2vi~Xl and ylvi~y2vi4x2vi3Yl. This completes the proof. [] 
Corollary 2 and Theorem 4 combine to give the following result which is otherwise 
well known (see, for instance, [7]). 
Corollary 5. c31gl3, c7lgz9 and for any positive integer s, C61Kn8s+13. 
2. A new upper bound for the gracefulness of G 
Grace [5] proved that if T is any graceful tree, then T V K~, t ~> 1, is graceful. The 
next lemma generalizes this result. 
Lemma 6. Let G be a graceful graph with v vertices and m edges. Then any graceful 
labelling of  G may be extended to a graceful labelling of  [GU(m-v+ l )K1]vKt c, t >~ 1. 
Proof. Let VI ,U  2 . . . . .  V~, be the vertices of G and let {f (v l ) , f (v2)  . . . . .  f(v,,)} be the 
set of vertex labels of a graceful abelling f of G. Let us denote the vertices of 
(m-  v+ 1)K1 by Vv+l,Vv+2 . . . . .  Vm+l. Now extend f :{v l ,v2  . . . . .  vv} ~ {0, 1 . . . . .  m} to 
fo  : {vl,v2 . . . . .  Vm+l} ~ {0, 1 .. . . .  m} so that )Co is bijective. Now label the vertices of 
K c with 2m + 1, 3m +2, . . . , ( t  + 1)m + t. [] 
Theorem 7. Every graph & a subgraph of  a graceful graph. 
Proof. For 1 ~<i~<4 define Gi = Ki and for i~>5, define Gi -- [Gi-1 U(ei-1 - vi-1 + 1) 
K1] V Kl, where /;i ~- / ; (a i )  and vi = v(Gi). For each i, by Lemma 6, Gi is a graceful 
graph. If G is any graph with n vertices then G C_ Kn C_ Gn. [] 
Let G be a graph with v vertices and/; edges. Suppose we associate v distinct non- 
negative integers to the vertices of G in such a way that the edges receive /; distinct 
positive integers by the assignment of [a i -  ajl to that edge whose end vertices are 
labelled with ai and aj. Moreover, we wish to minimize the value of the largest integer 
assigned to any vertex of G. As in [4], we call this minimum value the gracefulness of 
G and denote it by grac G. For any graph G, we have the general ower bound: grac 
G>~e(G). Clearly, G is graceful if and only if grac G =/;(G). Also an upper bound 
for grac G is given by grac G~< grac Kv(G)~2 v(G)-I -- 1 = 8(2 v(G)-4) -- 1 (see ([4, 
p. 62]). We now give an improved upper bound for grac G. (However, this appears to 
be a poor upper bound since, as per a result of Erd6s [4, p. 63], grac K~ ~ v2). 
Theorem 8. I f  G & any graph with v ~4 vertices then /;(G) <~ grac G ~< 7(2 v-4) - 1. 
Proof. Since grac G~<grac Kv<~gracGv = ev, ei+l = 2/;i q- 1 for all i~>4 and /;4 = 6, 
we have grac G~<7(2 ~-4) -  1. [] 
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3. Decompositions of a class of regular graphs 
We have shown in Corollary 2 that (K c V 2K2)lK8n+5. Now we give another graph 
G for which (K c V 2K2)[G. 
Theorem 9. The graph K~ V 2/£2 cyclically decomposes the graph g8n+7 - H, where 
H is a Hamilton cycle of  K8~+7. 
Proof. By Lemma 6, the graph P4 V Kn c is graceful. A graceful abelling of this graph 
is as follows: label the vertices of P4 with 0,3,1 and 2 and label the vertices of Kn ~ 
with 7,11 . . . . .  4n + 3. By Rosa's theorem, the graph P4 V Kn c cyclically decomposes 
g8n+7. Also the middle edge of P4 gets the label 2. Further in the proof of Rosa's 
theorem [9, Theorem 7], the set of all edges of K8~+7 having the edge label 2 forms 
a Hamilton cycle H of K8,+7. Hence, the graph K~ V 2/£2 obtained by deleting the 
middle edge of P4 in /°4 V K~ cyclically decomposes g8n+7 - H. [] 
Corollary 10. For each positive integer n, grac (K c V 2/£2) = 4n + 3. 
Proof. Recall K c V 2/£2 is not graceful. Hence, 4n + 2 = e(K c V 2/£2 ) < grac (K~ V 2K2) 
~< grac (P4 V Kn c) = e(P4 V Kn c) = 4n + 3. [] 
We now consider a class of regular graphs, namely, the circulant graphs. Let 
SC{1,2 .. . . .  n} satisfy the property that i E S if and only if n - i E S. The circu- 
lant graph Circ(n;S) [1] has vertex set {uo, ul . . . .  ,Un-1} and ui adjacent o uj if and 
only i f j -  i is in S modulo n. Circ(n;S) is regular of degree ISI. The label of an edge 
uiuj is the minimum of the two elements of S congruent to j - i  and i - j  modulo n. ISI 
is odd only if n is even and n/2 E S. Since we are interested in even regular graphs, 
throughout this section we assume that if n is even then n/2 (~ S. Then Circ(n; S) forms 
a large class of even regular graphs and they are special cases of Cayley Graphs. In 
particular, we have 
Circ(2n + 1; {1,2 . . . . .  2n}) ---- g2n+l ; 
Circ(2n + 1; { 1,2 . . . . .  2n}\{p, 2n + 1 - p}) = K2n+l - H, where H is a Hamilton 
cycle of K2n+l and p is relatively prime to 2n + 1, 1 <~p<~n; 
Circ(2n; {1,2 . . . . .  n -  1,n + 1 , . . . ,2n -  1}) = Kzn - nKz; 
Circ(4n+2; {2,4 . . . . .  4n}) = 2K2n+l, with {U0, U 2 . . . . .  U4n } and {ul,u3 . . . . .  U4n+l} 
giving the partition of its vertex set; 
Circ(4n; {1,3,5 . . . . .  4n - l } ) = K2n,2n, with X = { uo, u2 . . . . .  U4n_2} and 
Y = {ul, u3 .. . . .  u4n-1 } giving the bipartition; 
Circ(6n; { 1,2; 4, 5; 7, 8;... ; 6n -2 ,  6n - 1 }) = K(2n, 2n, 2n), the complete tripartite 
graph with part sizes 2n each, with X = {u0, u3 . . . . .  U6n--3}, 
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Y = {Ul, U 4 . . . . .  U6n_ 2 } and Z = {u2, u5 . . . . .  u6,-, } giving the tripartition 
of its vertex set; and 
Circ(6n + 3; {1 ,2 ;4 ,5 ;7 ,8 ; . . . ;6n+ 1,6n +2})  = K(2n+ 1,2n+ 1,2n+ 1) with 
X={uo,  u 3 . . . . .  u6.}, Y = {Ul ,U  4 . . . . .  U6n+l } and 
Z = {uz,u5 . . . . .  u6,+z} giving the tripartition. 
For S as considered above, we define So -- {i E S :  1~< i<n/2}. Note that 
ISI = 21s01. 
Theorem 11. Let G = (V,E) be a subgraph of Circ(n;S) and let e = IEI = IS01. I f  
for every a 6 So there is an edge uiuj 6 E such that the label of uiuj is a, then 
GlCirc(n;S). 
Proof. For k = 0, 1 . . . . .  n - 1, define graphs Gk = (Vk, Ek) by 
Vk = {U(i+k)(mod n) : Ui E V} and 
Ek = {U(i+k)(mod n)U(j+k)(mod n) : UiUj E E}. 
Clearly all graphs Gk are isomorphic to G and Go ® G1 0 . . .  ® Gn-1 = Circ(n;S). [] 
It follows from Theorem 11 that in order to show that G[Circ(n;S), it is enough 
to find an embedding f of G in Circ(n; S) such that f (G)  satisfies the condition in 
Theorem 11. To construct such an embedding we use certain vertex labellings. Let 
G -- (V,E) be any graph with IEI--IS01. A 1-1 mapping f from V to the set {0, 1 . . . . .  
n - 1} is called a p(n; So )-valuation of G, if when we assign to each edge uv, 
the label min{[ f (u ) -  f (v)[ ,  n -  I f (u ) -  f(v)l}, the resulting edge labels are distinct 
and are in So. A p-valuation of a graph G is equivalent to a p(n; So )-valuation 
of G with So = {1,2 . . . . .  e(G)} and n = 2e(G) + 1. Fig. 3 gives a 
p(22; { 1,2, 3, 4, 5, 6, 7, 8, 9, 10})-valuation of the graph K~ V 21£2. It is immediate from 
Theorem 11 that (K~ V 2K2)I(K2z -F ) ,  where F is a 1-factor of K22. 
The p(n; So )-valuation of a graph G introduced above is quite significant in that it 
gives a lot of decomposition results. In fact, one interesting result is the following. 
Theorem 12. I f  G is graceful, then GICirc(n;S ), where S = {1,2 . . . . .  ~(G) ;n -  e(G), 
n - r , (G)  + 1 . . . . .  n -  1} and 2e(G) + 1 <~n. In particular, GIK2~:(G)+2 -F ,  where F is a 
1- factor of K2~,+2. 
26 R. Balakrishnan, 17, Sampathkumar / Discrete Mathematics 156 (1996) 19-28 
u I u 2 u s 
u I u I • .  • u I u 2 u . . .  u 2 " " s s " s 
Fig. 4. 
Proof. Let f be any graceful abelling of G. The f is a p(n; { 1,2 . . . . .  e(G)})-valuation 
of G. Now embed G in Circ(n;S) so that the embedding satisfies the condition in 
Theorem 11. Thus GICirc(n; S). I f  n = 2~(G) + 2, then Circ(n; S) is K2~(o)+2 - F. [] 
A tree T is a caterpillar if the removal of all its end vertices leaves a path. I f  T is 
not a caterpillar but the removal of all end vertices of T leaves a caterpillar, then T 
is called a lobster• 
The next result is similar to Theorem 2 of Rosa [9] and Corollary 2.1.3 of Jacobson 
et al. [6] which deal with certain valuations of a caterpillar. 
Theorem 13. Let  So C{1,2 . . . .  }, ISo[ =e, and let T be a caterpillar with e edges. Then 
TlCirc(n;S),  where n~>2Max{x E So} + 1 and S = So U {n - a : a E So}. 
Proof. We prove this by constructing a p(n; &)-valuation of T. Let So = {al, a2 . . . . .  a~} 
and al > a2 > " "  > ae. Let us denote the base path of T by ulu2. . .Us  and the 
pendant vertices of T adjacent o ui in T, 1 <<.i<.s, by u i ,u i , . . . ,u  l  2 ni (see Fig. 4). Define 
f :  V (T )  ---+ {0, 1 . . . . .  at} by 
f (u l  ) = O, 
f (u2)  = an, +1, 
f (u3)  = an,+l -- anl+n2+2, 
f (u4)  = an,+l -- an,+n2+ 2 + an,+n2+n3+ , 
f (u , )  = anl+l -- an,+nz+2 + a,l+n~+n~+3 ""  + (--1 *a ) nt+nz+...+ns_l+(S--1) 
and for i = 1, 2 . . . . .  s 
f (u) ) = f (u i )  + ( -  1 "d+l~ ] t nl+n2+...+ni_l+i~ 
f(u2i ) = f (u i )  + ( -  1 ~i+la ) nl+n2+...+n~-i+i+l 
¢ 1~i+1 a f (un i )  = f (u i )  + ~-- ) n,+n2+...+n~_l+n,(i-l). 
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Then the pendant edges l 2 n, get the labels UiUi ,  UiU i , . . . ,  UiU i 
an~ +nl+" .+ni-  I +i, an~ +n2+.. .+ni-  i +i+ 1 ~ • • •, 
anl+n2+.. .+ni_ l+ni+( i - -1 ), 
respectively, 1 ~ i ~<s, and the edge uiui+l of the base path gets the label an,+n2+...+ni+ i. 
Hence, the function f defined above gives the required p(n; So )-valuation of T. [] 
Theorem 14. Let So C_{1,2 .... }, IS0l = ~, and let T be a lobster with ~ edges. Then 
TICirc(n;S), where n~>2Max{x E So} + 1 and S = So U {n - a : a E So}. 
Proof. Let T ~ be the base caterpillar of T with, say, e' edges. Let So = {al,a2 . . . . .  a~} 
and al > a2 > ""  > as. Choose an injective map f ' :V (T ' )  ---* {0,1 .. . . .  a~-~,+l} 
so that if we assign to each edge uv of T p, the label [ f ' (u )  - f ' (v ) l ,  the result- 
ing edge labels are a~-~,+l, a~-~,+2 . . . . .  a~. One such injective map is given in the 
proof of Theorem 13. Let us denote the edges of T\T  ~ by el,e2 . . . . .  e~_~, so that if 
Vl, v2 . . . . .  v~_~, are the end vertices of el, e2 .. . . .  e~_~,, respectively in T ~ then f~(vl ) > 
f ' (v2) > --. > f(v~_~,).  Now extend f ' :  V(T ' )~ {0, 1 . . . . .  a~-~,-1} to an injective 
f :  V(T)  ~ {0, 1 . . . . .  2al} by setting f (v )  = f t (v i )+a i ,  where viv is the pendant edge 
ei of T\T  ~. This labelling of T gives the required embedding of T in Circ(n; S). Thus 
G[Circ(n; S). [] 
Open problems 
1. For which positive integer m,m~>3, is g~ V mK2 graceful for every positive 
integer n? 
2. Does Kn c V mK2 cyclically decompose K2m(2n+l)+l for all positive integers m 
and n, m~>3? 
3. For what values of n, does K~ V2K2 admit a p(8n + 6; { 1,2 . . . . .  4n +2})-valuation? 
4. Does every n-edge tree decompose K2n+2 - (n + 1 )K2? 
5. Does every 2n-edge tree admit a p(6n; { 1,2; 4, 5; 7, 8;... ; 3n-2, 3n-  1 })-valuation? 
6. Does every (2n + 1)-edge tree admit a p(6n + 3; {1,2;4,5;7,8;. . . ;3n + 1})- 
valuation? 
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